Given a graph G and integers p, q, d 1 and d 2 , with p > q, d 2 > d 1
In this paper, we consider a generalization of the L( p, q)-labeling problem, which we call the L(d 1 , d 2 ; p, q)-labeling problem. Given a graph G and integers d 1 
Lemma 3. For any graph G, λ (G) .
Georges and Mauro [3] proved that the L( p, q)-labeling number of any graph can be expressed as a linear combination of the numbers p and q. The same conclusion also holds for the L(d 1 , d 2 ; p, q)-labeling numbers. For completeness, we include the proof here which is analogous to the one in [3] .
(G) = αp + βq for some nonnegative integer α and β.
Proof. Let S = {m 0 , m 1 , . . . , m l } = {mp + nq | m, n ∈ N ∪ {0} and mp + nq ≤ k}, where 0
Without loss of generality, we may assume that
For any fixed positive integer k, a k-stable set of a graph G is a subset S of V (G) such that every two distinct vertices in S are of distance greater than k. Chang and Kuo [2] gave an upper bound of λ(G) in terms of the maximum degree ∆ of G. Chang et al. [1] then extended this result and gave an upper bound of λ d,1 (G) in terms of the maximum degree ∆ of G. Using the same idea, we also have Theorem 6. If G is a graph with maximum degree ∆, then
Proof. Consider the following labeling scheme on V (G). Initially, all vertices are unlabeled. Let S − p+1 = S − p+2 = S − p+3 = · · · = S −1 = ∅. When S i− p+1 , S i− p+2 , S i− p+3 , . . . , S i−1 are determined and not all vertices in G are labeled, let
Note that when
, S i is a d 2 -stable subset of E i , but S i is not a proper subset of any d 2 -stable subset of E i .) In the case E i = ∅, we have S i = ∅. Label all vertices in S i by i, and continue this process until all vertices are labeled. Assume k is the maximum label used and choose a vertex x whose label is k. Let
It is clear that |I 2 | + |I 3 | = k. Since the total number of vertices y with 1
], and when ∆ = 2, |I 2 | ≤ 2d 2 , |I 1 | ≤ 2d 1 . For any i ∈ I 3 , x ∈ E i (otherwise, S i ∪ {x} is a d 2 -stable subset of E i , which contradicts the choice of S i ). That is,
j=i− p+1 S j (i.e., there exists j with i − q + 1 ≤ j ≤ i − 1 such that j ∈ I 2 but j ∈ I 1 , or there exists
], when ∆ ≥ 3, and λ
Lemma 7. Let v be a vertex in G with the property that for all u, w ∈ V (G), u = v, w = v and u = w,
From the proof of Lemma 7, we see that if
Hence we have Corollary 8. Let v be a vertex in G with the property that for all u, w ∈ V (G), u = v, w = v and u = w,
Theorem 9. Let T be a tree with maximum degree ∆ ≥ 3. Then λ
Proof. We prove this by induction on |V (T )|. The conclusion is clearly true when |V (T )| = 4. Suppose it holds for all
]. Thus, by Lemma 7, λ
Given a graph G, the kth-power of G, denoted by G k , is a graph with vertex set
A full m-ary tree T of height h is a tree with vertex set
By Theorem 12 and simple calculation, we have Corollary 13. For a full m-nary tree T with diam(T ) ≥ 2
q)-labeling numbers of paths and their powers
We consider the L(d 1 , d 2 ; p, q)-labeling numbers of paths and the kth power of paths in this section. For convenience, when considering the path P n , we always assume that
And, in order to simplify the notation, we let k =
where a = min{
, define a labeling of P n as
And, if a =
It is easy to verify that for both of these two cases, f is an L(d 1 , d 2 ; p, q)-labeling of P n . In the former case,
To prove the lower bound, we use induction on d 1 
If n = 2k + 3, then for all i, j with i, j (P n ) = p + (k + 1)q when n ≥ 2k + 3. Suppose the conclusion holds for all d 1 with d 2 ; p, q)-labeling of P n . We may assume that for all i with 1 
There are two cases:
In this case, f is an L (d 1 , d 2 ; p, q)-labeling of P n , where
, we have a = a − 1 and n = n − n−b
For both of these two cases, by the induction hypothesis, we have f λ
q. If we let n−1
= l, and so
, and so
Thus, by a similar argument as we showed in the case d 1 + 2 ≤ n ≤ a (d 1 + 1) , for all i, 1 ≤ i ≤ n, f (v i ) satisfies conditions (C1) and (C2), and we may assume that
Proof of the Claim. Without loss of generality, we may assume that 
, and one of f (v n−1 ), f (v n−4 ) is greater than q. If d 2 = 3 and p = 2q, then n = 7. In this case,
By the Claim, if f (v c ) ∈ [ p, 2 p−1] for some c < b, then we may assume that for all i ) ) is greater or equal to q, we must have f (v i ) ≥ p +q). In this case, let n = n −(b −1)− n−b (d 1 , d 2 ; p, q)-labeling of P n , where d 2 ; p, q)-labeling of P n , where
Thus, by the induction hypothesis,
Proof. Define the labeling f 1 , f 2 , f 3 of P n as
Since p > kq, it is easy to verify that all of the f i , 1
Chang et al. [1] gave a formula for the number λ d (P r n ). Their result has a little mistake. By Theorem 17, we can give the correct result as
where n = min{d, r + 1}(r + 1). d 2 ; p, q)-labeling numbers of Cartesian product of two paths Given two graphs G and H , the Cartesian product of these two graphs, denoted by G × H , is a graph with
or (x = y and uv ∈ E(G))}. Georges and Mauro [3] first studied the L(1, 2; p, q)-labeling problem of P m × P n with m, n ≥ 5 and gave the following results.
Consider the graph To prove the upper bound, let S be a maximal (in the sense of inclusion) d-set. Without loss of generality we may assume that 0 is the smallest and n (n ≤ d) the largest x-coordinate among points of S. Let a i , i = 0, 1, . . . , n, denote the number of points in S with x-coordinate being equal to i. Since S is maximal, a i ≥ 1 for each i ∈ {0, . . . , n}. Note that because S is a d-set, a i +a j 2 + | j − i| ≤ d + 1 for any i, j ∈ {0, . . . , n}. Therefore, 2|S| = (a 0 + a 1 + · · · + a n ) + (a n + a n−1 + · · · + a 0 )
(a i + a n−i ) 
